This study is aimed to optimize a golf clubhead for the purposes of maximizing the driving distance. Since the sensitivity-based approaches cannot be applied in impact problem, the authors developed an optimization system by using basis vector method. The relation between the eigenfrequencies and the coefficient of restitution is examined with finite element method (FEM) models numerically at first. Based on evaluating the contribution of eigenmodes, the authors proposed an approach to create the basis vectors using the sensitivity functions of eigenvalues. Computational results are presented for demonstrating the effectiveness of the proposed approach.
Introduction
During the long history of development of golf drivers, most efforts have been focused on how to hit a golf ball as far as possible with accuracy in a given direction. In the early stage, the designs are mainly decided through the cycle of trial and error by the manufacturers. It is a costly process, and needs a long development period. Since the 1990 s, the performance of golf driver has achieved rapid improvement due to the spread of Computer-Aided Engineering (CAE) coupled with the progress of materials science. The research on optimal design of golf drivers using computers dates back to that time. Iwatsubo et al. [1990] investigated the optimum rigidity of a clubhead to maximize the release velocity of a golf ball. They proposed the concept of impedance matching after analyzing the impact phenomenon of a pair of springmass-damper models with a few degrees of freedom. It says that the coefficient of restitution reaches the maximum when the first eigenfrequency of the impacting body corresponds to that of the impacted body. In their later work [Iwatsubo et al. (2001) ], they applied the concept of impedance matching to the optimal design of a three-dimensional clubhead, and discussed the boundary condition for calculating the eigenfrequencies of clubhead and ball. [Winfield and Tan (1996) ] studied the optimization of clubhead loft and swing elevation angles for maximum distance. They also studied the optimum geometric shape of the clubface to minimize dispersion in off-center hits [Winfield and Tan (1994) ]. There are also some studies on the effect of shaft deflection [Lee and Kim (2006) ] and mass distribution in the clubhead [Whittaker (1999) ]. However, much research concerning the optimization of a golf club was limited to the parametric optimization with few design variables, such as loft angle, bulge angle, and concentrated mass; the total design of the clubhead including shape or thickness distribution of the head was scarce since the sensitivity is difficult to be derived analytically in impact problems, and then the sensitivity-based approaches cannot be applied. As an attempt to avoid this difficulty, the authors have proposed an approach using basis vector method for the thickness optimization to maximize the initial velocity and the flying distance of a golf ball ; Wu et al. (2004) ]. In these studies, the optimization of thickness distribution was limited to the clubface part. Petersen and McPhee [2009] , who optimized the thickness distribution of a clubface to maximize the initial velocity of a golf ball with a procedure of three-stage design, followed our work. Recently, some studies have been reported on the acoustics design of a golf club [Furuya et al. (2012) ; Allena et al. (2014) ]. In addition, Mizota [2004, 2006] studied the aerodynamics of a golf ball experimentally, and their work makes it possible to numerically simulate the flying trajectory of the ball while designing a golf club by numerical approach.
As a continuation of our previous works, the authors try to extend the optimization of thickness distribution to the entire clubhead to maximize the flying distance of a golf ball. However, since the number of candidates of basis vectors is almost infinite, it is a challenge to select the strong correlation vectors for the optimization. For this purpose, we focus on the concept of impedance matching, and examine the relation between the eigenfrequencies and the coefficient of restitution at first. Based on the results, we attempt to develop a new system for the shape optimization of golf clubhead.
Verification of Relation between Eigenfrequencies and Restitution Velocity
Since initial velocity of the golf ball is an important factor in determining the distance, many efforts have been made to raise the efficiency of the energy transmission from an impacting body to an impacted body. The concept of impedance matching has been proposed for this purpose [Iwatsubo et al. (1990) ]. It says that the coefficient of restitution reaches maximum when the first eigenfrequency of the impacting 1843007-2 Int. J. Comput. Methods 2020.17. Downloaded from www.worldscientific.com by 52.11.211.149 on 01/31/20. Re-use and distribution is strictly not permitted, except for Open Access articles.
body corresponds to that of the impacted body. However, it is derived based on a pair model of spring-mass system with a few degrees of freedom, and it is not clear in two-or three-dimensional problems and the boundary conditions. In this research, in order to find some hints to maximize the coefficient of restitution, the relation between the eigenfrequencies and the coefficient of restitution in multidimensional problems is examined with finite element method (FEM) models numerically.
Simulations of impact of two objects are performed by FEM analysis. In this study, we propose a method to evaluate the contribution of each eigenmode in impact behavior.
Numerical analysis models
As shown in Fig. 1 , numerical verification of relation between the restitution characteristic and the eigenfrequencies are performed with one-, two-, and threedimensional models, respectively. Consider an impacting body with an initial velocity of 40 m/s hits another stationary body. For the sake of convenience, the impacting body is called "club", and the impacted body is called "ball" later. In past research, two kinds of boundary conditions are considered while calculating the eigenfrequencies [Iwatsubo et al. (2001) ]: fixing the impacting and impacted body at contact surface; or treating both the bodies as free. Here, we also compare the two kinds of boundary conditions. Numerical analyses are performed by LS-DYNA which is a kind of general purpose finite element software.
Evaluation of the correlation of eigenvectors and deformation vector
Since multiple eigenmodes are excited simultaneously during the impact of a golf club and a golf ball, to identify the contribution of each mode is necessary. In this study, we propose an approach to evaluate the correlation of the deformation vector of the club and rth eigenmodes as follows:
where MDC is used as an abbreviation of mode-deformation-correlation. {u r } is rth eigenvector of golf club, and {u c } is the deformation vector of golf club at the time of the maximum deformation during impact, respectively. In order to remove the rigid-body displacement from the deformation vector, {u c } is calculated as follows:
where {d i } is the displacement vector of golf club at the time of the maximum deformation during impact, {d 0 } is the average displacement which is treated as the rigid-body displacement here.
Verification with one-dimensional model
Young's modulus of the club is changed from 1 to 30 GPa. Figure 2 (a) shows the relation between initial velocity of the ball and Young's modulus of the club. It can be found that initial velocity is the maximum when Young's modulus is about (1) are listed in Table 1 . It is found that the value of mode 1 is dominantly larger than those of others.
Verification with two-dimensional model
Young's modulus of the plate club is changed from 3 to 100 GPa. Figure 3 (a) shows the relation between initial velocity of the ball and Young's modulus of the club. It is found that initial velocity is the maximum when Young's modulus is about 30 GPa. Figure 3 (b) shows the first eigen-frequency in the case of free boundary with the variation of Young's modulus. In the case of a free boundary condition, Young's modulus at the cross point of the eigenfrequencies of the ball and club is also about 30 GPa. This result also corresponds to the concept of impedance matching well. On the other hand, in the case of fixed boundary condition, Young's modulus is about 10 GPa at the cross-point of the first eigen-frequency of the ball and the club. It is far from the point of the maximum initial velocity. Because only the symmetry eigenmodes can be excited in this symmetry model during the impact, only the symmetry modes are numbered and listed in Table 2 . Values of MAD calculated by Eq. (1) are also listed in Table 2 . It is found that the value of mode 1 is dominantly larger than those of others.
Verification with three-dimensional model
As shown in Fig. 1(c) , a half model is used by introducing a plane symmetry boundary condition (y-z plane) to save the computational time. Since the geometry is axisymmetric and the hitting point is the center, only the axisymmetric modes are excited theoretically. Naturally, the frequency of the first axisymmetric mode, which is obtained as the second mode from FEM analysis of this numerical model, is used to verify the relation between rebound velocity and first eigenfrequency.
Young's modulus of the club is changed from 11 to 330 GPa. Figure 4(a) shows the relation between initial velocity of the ball and Young's modulus of the club. It is found that initial velocity reaches the maximum when Young's modulus is about 120 GPa. Figure 4(b) shows the first eigenfrequency in the case of free boundary. Young's modulus at the Cross-point of the first eigenfrequency of club and ball is Mode shape about 90 GPa. In the case of fixed boundary, the Young's modulus at the cross point of the first eigenfrequency of club and ball is about 60 GPa. It is confirmed that the position of the peak of initial velocity swerve from the cross points in both cases and the gap of the fixed boundary is larger than that of the free boundary. Only the plane symmetry modes are numbered and listed in Table 3 . Values of MAD calculated by Eq. (1) are also listed in Table 3 . It is found that the value of mode 2 is the largest one, and it is followed by that of mode 3. From the mode shapes, it is also found that modes 2 and 3 are axisymmetric modes that are excited theoretically, and others are not. The fact that MAD values of modes 2 and 3 are more dominant than others evidently shows the proposed approach can effectively detect the influential modes.
Consideration of numerical verification
The numerical verifications with one-and two-dimensional models show almost the same results, which is different from that of three-dimensional model. The reason can be considered as follows. In one-or two-dimensional model, since the contribution of first mode in impact is dominant, adjusting the first eigenfrequency can reach the maximum restitution velocity. As the number of dimensions increases, the number of eigenmodes excited by impact increases. As a result, the contribution of 1843007-7 Int. J. Comput. Methods 2020.17. Downloaded from www.worldscientific.com by 52.11.211.149 on 01/31/20. Re-use and distribution is strictly not permitted, except for Open Access articles.
the first eigenfrequency decreases. This fact suggests that, when we consider the optimization of an impact problem, it is necessary to take into consideration not only the first eigenfrequency but also the higher order eigenfrequencies.
Optimization Method and Formulation
In general, for a shape optimization problem, it is necessary to derive the design sensitivity. However, for the optimal design of a golf club, the sensitivity is difficult to be derived analytically in impact problems, and then the sensitivity-based approaches cannot be applied. Another difficulty is that the design variables are mixed, nonparametric and parametric variables, e.g., loft angle, bulge angle, concentrated mass, thickness distribution, and shape. To these problems, the authors have proposed an approach using basis vector method for the optimization of clubface. ; Wu et al. (2004) ]. In this study, we try to extend the optimization of thickness distribution to the entire clubhead. However, since the number of candidates of basis vectors is almost infinite, it is a challenge to select the strong correlation vectors for the optimization. For this purpose, based on the numerical verifications above, we develop a new procedure for the creation of basis vectors.
Basis vector method
Using basis vector method, the shape variation ∆C is expressed as a linear combination of perturbation vectors, each weighted with its respective design variable α i , (i = 1, 2, . . . , N) . The perturbation vector is the difference between a basis vector C i , (i = 1, 2, . . . , N) and the original locations of grids C 0 . That is
where N is the number of basis vectors, which is usually smaller than degrees of freedom of the design in order to reduce the computation time.
Formulation of maximization of driving distance
Consider a shape optimization problem of maximizing the driving distancef of an impacted body (ball) with a constraint on the volume m of an impacting body (club). Assuming that the shape variation is small enough in one cycle of optimization, we can get the approximate linear relations between α i , (i = 1, 2, . . . , N) and the variation of f , m as follows: where ∆f i denotes the change of objective function, and ∆m i denotes the change of head volume, while the original shape changes to the ith basis vector. The optimization problem can be stated as find α i , (i = 1, 2, . . . , N) , maximize ∆f, subjected to ∆m = 0.
(5)
Using Lagrange multipliers method, α i (i = 1, 2, . . . , N) can be obtained ; Wu et al. (2004) ].
Selection and creation of basis vectors
The generation of basis vectors for a three-dimensional free-surface, such as a golf clubhead is difficult. In this study, based on the results of numerical examinations above, we propose an approach to create the basis vectors using sensitivity functions of eigenvalues for the optimization problem of a three-dimensional surface. The sensitivity function of rth eigenvalues is given as in Ref. [Wu and Azegami (1995) ].
where u (r) is the rth eigenvector, and λ (r) is the eigenvalue. It is expected that the multiple eigenfrequencies can be efficiently adjusted by using the sensitivity function of the eigenvalue as basis vectors. In general, the more the number of basis vectors, the better the accuracy of the solution. However, the use of basis vectors with low correlation to the objective function can not only cost more computation time, but also decrease the accuracy of the solution. Therefore, we select strong correlation vectors by evaluating the MDC value stated in Sec. 2.2.
Optimization Analysis of a Golf Clubhead
A numerical example of the optimization of a clubhead is performed to illustrate the effectiveness of the proposed methodology.
Numerical model
As shown in Fig. 5 , a clubhead collides with a ball with an initial velocity of 42 m/s. The clubhead is discretized with shell elements, and the ball is discretized with solid elements. Total time of the analysis is 500 µs with each analysis time step as 0.1 µs. The swing elevation angle is set to 6 • . A two-piece golf ball is used in this analysis, and both the cover part and the core part are assumed as viscoelastic material. The material properties of club and ball are shown in Table 4 .
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Basis vectors for thickness distribution
Twelve basis vectors are used in this example to express the thickness distribution. Five of them are generated with sensitivity functions of eigenvalues by proposed method, and others are generated by a former method ; Wu et al. (2004) ].
Besides these vectors, one additional vector is created to express the change of the loft angle, and two additional vectors are created to express the changes of lumped masses set at the back of the clubhead.
Considering size of sweet area
To increase the size of sweet spot, the objective function is evaluated as a combination of the driving distances of a center shot and several off-center shots around a center point. Figure 6 shows the positions of evaluation points. The weighted average distance is used as the objective function as follows:
where l j is the flying distance of hitting point j, and w j is weight coefficient of l j . Figure 7 shows the optimized thickness distribution of the clubface after seven iterations. Color expresses the thickness distribution of the club, and red color shows the thick area, blue color shows the thin area. It is found that the thickness of the clubface increased around center area. It is also confirmed that thickness changed at sole part and crown part. Figure 8 shows the iteration histories of the average distance of the flying ball. It is found that the objective function increased by about 5.8%. Hence, it is confirmed that this approach is effective to maximize the driving distance with the consideration of sweet area.
Analysis result

Conclusions
In this paper, we have proposed a new method for the design optimization of a golf clubhead. The relation between the eigenfrequencies and the coefficient of restitution is examined with FEM models numerically at first. To evaluate the contribution of each eigenmode to the deformation in impact, the authors proposed an approach to calculate the correlation of eigenvectors and deformation vector. From the numerical verification, we found that (1) when the first eigenmode is dominantly contributing to the impact deformation, adjusting the first eigenfrequency can reach the maximum restitution velocity; (2) as the number of dimensions increases, the number of eigenmodes excited by impact also increases. As a result, the contribution of the first eigenmode decreases. Therefore, to improve the restitution performance in this case, it is necessary to consider not only the first eigenfrequency but also the higher order eigenfrequencies.
Based on numerical verification, we extended our method for the optimization of a golf clubhead. We used the basis vector method in the optimization process, in which the basis vectors are created with the sensitivity function of eigenvalues and selected by the evaluation of MDC.
A numerical example considering the sweet spot is given to show the effectiveness of the proposed methodology.
